This paper investigates the cohomological property of vector bundles on biprojective space. We will give a criterion for a vector bundle to be isomorphic to the tensor product of pullbacks of exterior products of differential sheaves.
Introduction
The purpose of this paper is to study the cohomological property of vector bundle towards Horrocks-type criteria and to characterize the tensor product of pullbacks of exterior products of differential sheaves on biprojective space. Horrocks Theorem says that an ACM vector bundle on the projective space is isomorphic to a direct sum of line bundles. There are some attempts to generalize to the biprojective space, that is, some splitting criteria for a vector bundle on P m × P n to be isomorphic to a direct sum of the form O P m ×P n (ℓ 1 , ℓ 2 ) in [2, 4, 6] . In particular in [4] it is used a Beilinson type spectral sequence and m-blocks collection while in [2, 6] it is used a notion of Castelnuovo-Mumford regularity and Koszul complexes (for a similar approach on Grassmannians see [1] ). In this paper we will give a cohomological criterion for a vector bundle on P m × P n to have a direct summand of the form Ω p P m ⊠ Ω q P n using the second approach. Let us describe our perspective on the condition for a vector bundle to have a specific direct summand. We will begin a proof of the Horrocks theorem through the Castelnuovo-Mumford regularity according to [2] . Let E be an ACM vector bundle on P n . Assume that E is m-regular but not (m − 1)-regular, see [8] for the definition and basic properties for m-regular. Then we have a surjective map ϕ : O ⊕ P n → E(m). Since E is ACM, we have H n (E(m − 1 − n)) = 0, and H 0 (E ∨ (−m)) = 0 by Serre duality. Thus we have a nonzero map ψ : E(m) → O P n . Since ψ • ϕ is nonzero, it splits. Hence O P n is a direct summand of E(m). Now we will proceed the next step on studying a Buchsbaum vector bundle on P n , that is, mH i * (E| L ) = 0 for any r-plane L of P n , 1 ≤ i < r ≤ n, where m = ⊕ ℓ≥1 Γ(O P n (ℓ)). Instead of using the regularity we will make use of the Koszul complex. Before giving a sufficient condition for a vector bundle to be a direct sum of vector bundles of the form Ω i P n (ℓ), we will describe important facts concerning the structure of Buchsbaum vector bundle. 
From these facts we have observed the relation between the Buchsbaum property and the differential sheaves in (1.1) and a cohomological characterization of Buchsbaum modules in (1.2). Then we will give a straightforward proof of a more or less known result which illustrates the relation between the vanishings of the intermediate cohomologies and the exterior products of differential sheaves. The following is a starting point of our main result, Theorem 2.1.
vector bundle E has the following condition:
Proof. By an exact sequence arising from the Koszul complex:
we have a surjective map ϕ :
By an exact sequence arising from the Koszul complex:
As in [2] we have a nonzero element
Cohomological Criterion of Vector Bundles on Biprojective Space
What condition is required for a vector bundle E on P m × P n to have a direct summand of the form Ω p P m ⊠ Ω q P n ? Although the exterior products of differential sheaves are the indecomposable Buchsbaum vector bundles on P n , The Buchsbaum property of differential sheaves are more complicated on P m × P n , see [7] . This section is devoted to an answer of cohomological criteria of differential sheaves from the viewpoint of (1.3). Compared with an important result of [4, (4.11)], our theorem obtained from an elementary way concludes an isomorphism to just one bundle directly.
Theorem 2.1. Let E be a vector bundle on P m × P n with H p+q (E) = 0, where 1 ≤ p ≤ m − 1 and 1 ≤ q ≤ n − 1. If a vector bundle E has the following condition:
Proof. Let us consider the exact sequences arising from the Koszul complexes
and
where f i = m i and e j = n j . By gluing the pull back by p 2 : P m × P n → P n of the dual of (2) tensored by E and the pull back by p 1 : P m × P n → P m of the dual of (1) tensored by E ⊗ p * 2 Ω q∨ P n we obtain an exact sequence
we will show
The asserion (c.2) follows from the assumption (a). Since
by pulling back to p 2 and tensored by E(p − i + 1, 0). Thus we obtain (c.1).
Next, let us consider the exact sequences arising from the Koszul complexes
By gluing the pull back by p 2 of (4) tensored by E ∨ (−m − 1, 0) and the pull back by p 1 of (3) tensored by E ∨ ⊗ p * 2 Ω q P n we obtain an exact sequence
By Serre duality, we have only to show
by pulling back to p 2 and tensored by E(n + p − i − 1, 0). Thus we obtain (d.1).
As in (1.3), for a nonzero element s ∈ H p+q (E) and the corresponding element s * ∈ H m+n−p−q (E ∨ (−m − 1, −n − 1)) by Serre duality, there are f ∈ H 0 (E ⊗ p * 1 Ω p∨ P m ⊗ p * 2 Ω q∨ P n ) and g ∈ H 0 (E ∨ ⊗ p * 1 Ω p P m ⊗ p * 2 Ω q P n ) with ϕ(f ) = s and ψ(g) = s * . Then g • f is an isomorphism by regarding as f ∈ Hom(p * 1 Ω p P m ⊗ p * 2 Ω q P n , E) and g ∈ Hom(E, p * 1 Ω p P m ⊗ p * 2 Ω q P n ), which gives an inclusion from p * 1 Ω p P m ⊗ p * 2 Ω q P n to E as a direct summand.
Example 2.2. Let us give an application of (2.1) to a vector bundle of P 2 × P 2 . Let E be an indecomposable vector bundle on P 2 × P 2 . Then the following conditions are equivalent:
(a) E ∼ = Ω P 2 ⊠ Ω P 2 .
(b) H 2 (E) = 0 and H 1 (E(1, 1)) = H 2 (E(0, 1)) = H 2 (E(1, 0)) = H 2 (E(−1, 0)) = H 2 (E(0, −1)) = H 3 (E(−1, −1)) = 0.
